Broadband implementations of time-optimal geodesic pulse elements are introduced for the efficient creation of effective trilinear coupling terms for spin systems consisting of three weakly coupled spins 1/2. Based on these pulse elements, the time-optimal implementation of indirect SWAP operations is demonstrated experimentally. The duration of indirect SWAP gates based on broadband geodesic sequence is reduced by 42.3% compared to conventional approaches.
Introduction
In the absence of relaxation, nuclear magnetic resonance (NMR) experiments consist of a sequence of unitary transformations of the density operator representing the spin system of interest (1) . An important goal of both theoretical and practical interest is the design of pulse sequences that can generate a desired unitary transformation as fast as possible, in order to reduce losses due to relaxation. This poses the problem of time-optimal control of quantum systems (2, 3, 4) , which is of interest for coherent spectroscopy in general, as well as for quantum information processing (5) .
Here, we focus on the realization of effective propagators that correspond to the action of an effective Hamiltonian with trilinear coupling terms which simulate a three-spin interaction in spin chains consisting of three weakly coupled spins 1/2 (Ising coupling). In the context of NMR polarization-transfer experiments, methods for creating such effective trilininear Hamiltonians have been developed and used for many years (6, 7) . One approach to create such effective Hamiltonians is based on the decoupling of certain interactions during the pulse sequence (3, 8, 9 ). An earlier, more efficient approach does not rely on decoupling (6, 7) . Recently, further improved sequences (3) were derived which also avoid decoupling. Even larger time savings are possible by using geodesic pulse sequences (3) that can be shown to be time-optimal. However, so far the geodesic pulse sequences were based on weak rf pulses which severely limited the range of frequency offsets for which the experiment is functional. In order to pave the way for practical applications of these time-optimal pulse elements, we developed broadband versions of the time-optimal geodesic sequence. Time-optimal indirect SWAP operations (3) were realized experimentally in a three-spin system, demonstrating the superior performance of the new sequences.
Theory
We consider a chain of three heteronuclear spins with coupling constants J 12 = J 23 = J, J 13 = 0 and offsets ν 1 , ν 2 , and ν 3 . In a multiple-rotating frame (1) , the corresponding free evolution Hamiltonian H 0 is in general given by
with the coupling term
and the offset term
The same Hamiltonian is valid if e.g. the first and third spins are homonuclear and the second spin is heteronuclear (vide infra).
Many applications in NMR spectroscopy (6, 7) and NMR quantum computing (10, 11, 12) require unitary transformations of the form
where α, β, γ can be x, y or z. The time τ required to realize such a propagator depends on the pulse sequence and is a function of κ (see Table 1 ). The propagator U αβγ (κ) can also be expressed as
where H αβγ corresponds to an effective trilinear coupling Hamiltonian of the form
and the effective trilinear coupling constant J eff (κ) is defined by
. [7] For practical applications, τ (κ) should be as short as possible and hence the effective coupling constant J eff (κ) and the scaling factor [8] should be as large as possible. For 0 ≤ κ ≤ 1, the theoretical limit τ * (κ) for the minimum time required to create a propagator U αβγ (κ) is given by (3)
which corresponds to a maximum possible scaling factor
It is sufficient to consider τ * (κ) and s
where n is an arbitrary integer (3).
Schematic pulse sequences corresponding to four different approaches for the creation of U zzz (κ) are shown in Fig. 1 . These sequences can be further streamlined by reducing the number of pulses using well known rules (vide infra).
Sequence A with duration
is based on the identity (3)
Equivalent sequences (8) with the same duration τ A (κ) but with less pulses can be constructed based on the identity
A . [13] with
Equivalant sequence with the same duration τ A (κ) can also be constructed using CNOT operations (9) .
Sequence B with duration
is based on the identity (6, 7)
[ 16] with
Sequence C with duration
with
Finally, the time-optimal sequence D with duration
and
The durations τ (κ) and scaling factors s(κ) = J eff (κ)/J of sequences A-D are shown in Fig. 2 and are summarized in Table 1 . In all four sequences, I 2 -selective pulses are required. In addition, I 1 -selective and I 3 -selective 180
• pulses are required in sequence A for selective decoupling of J 12 and J 23 during parts of the pulse sequence. In contrast, sequences B-D do not require such I 1 -selective or I 3 -selective pulses, which simplifies the experimental implementation of these pulse sequences if spins I 1 and I 3 are homonuclear.
These sequences are also suitable for applications, where spins I 1 and I 3 are equivalent, as in I 2 S spin systems (6, 7). Furthermore, the fact that decoupling is avoided in sequences B-D makes these experiments considerably more efficient than sequence A (vide infra).
Sequence B is a straight-forward generalization of a well-known pulse sequence developped initially (6, 7) for the special case of κ = 1. Sequence C, which has been proposed recently 3). However, for most practical applications, a finite offset range must be covered by the pulse sequences. Broadband versions of sequence B can be found in the literature (6, 7).
Broadband versions of sequences A (8) and C can be created in a straight-forward way by inserting additional π pulses in the existing delays to refocus chemical shift evolution.
For example, a broadband version of sequence C is shown in Fig. 3 . The robustness of the broadband sequence with respect to rf inhomogeneity and offsets can be further improved by using the x, −x, −x, x cycle (14) for the phases of the four π pulses which are applied to spins I 1 and I 3 .
Although no delays exist in the ideal geodesic pulse sequence shown in Fig. 1D , delays can be introduced by replacing the weak pulse with amplitude
, and flip angle α w = ν w t w 2π = (2 − κ)π by n hard pulses with flip angle α w /n and n delays of duration ∆ = τ * (κ)/n. In the limit of n → ∞, this DANTE-type (Delays alternating with Nutations for Tailored Excitation) (13) pulse sequence creates the same effect as the weak pulse and with the same limited bandwidth.
For the present application, the DANTE-type sequence approaches the ideal sequence if ∆ ≪ 1/J. By inserting π pulses in the delays of the DANTE sequence (c.f. Fig. 4 ), a broadband version of the geodesic pulse sequence can be created. As shown in Fig. 4 , the robustness of the broadband geodesic sequence with respect to rf inhomogeneity and offset can be improved by using cycles or supercycles such as x, −x, −x, x (14) for the phases of each set of four 180
• pulses.
In addition to applications in polarization transfer experiments (6, 7), propagators corresponding to trilinear effective coupling terms are useful in the field of quantum information processing. For example, so-called Λ 2 gates (15) can be implemented efficiently based on U zzz (κ) for κ = 1. Here, we focus on the implementation of SWAP operations (16, 17, 18) that make it possible to exchange arbitrary spin states of two spins in a coupling network.
For weakly coupled spins such as in the spin system defined in Eq. (2), a direct SWAP gate such as SWAP (1, 2) or SWAP(2, 3) between directly coupled spins I 1 and I 2 , or between I 2 and I 3 has a minimum duration of (2) τ SWAP (1,2) = τ SWAP (2,3) = 3/(2J).
[25]
An indirect SWAP operation SWAP(1, 3) between spins I 1 and I 3 , which are not directly coupled, can always be realized based on the following combination of the direct SWAP gates SWAP(1, 2) and SWAP(2, 3):
with an overall duration
[27]
However, the time-optimal realization of the indirect SWAP operation SWAP (1, 3) has a duration of only (3)
and hence requires only 57.7 % of the duration τ conv SWAP (1,3) of the conventional sequence (c.f. Eq. 27). This approach is based on the time-optimal realization of propagators U αβγ (κ) (c.f. Eq. 5), which create the desired indirect SWAP(1, 3) gate by the following sequence of operations (3):
Note that all terms in Eq. 29 mutually commute and hence in experimental implementations the order of the corresponding pulse sequnce elements is arbitrary. Based on pulse sequence elements for the realization of U zzz (κ), the sequence of propagators in Eq. (29) can be realized in a straight-forward way by the pulse sequence shown in Fig. 5 C. The final 90
• −z rotations can either be implemented by a composite pulse such as 90
• y 90
• −x or by adjusting the phases of all following pulses and of the receiver (19) . In general, z rotations (by angle ϕ) can be implemented by an additional phase shift (by angle −ϕ) of all following r.f. pulses that are applied to this spin and of the receiver phase for this spin (19) .
Experiments
In order to test the performance of the new geodesic pulse sequences, we used the spin system of the amino moiety of [
15 N]-acetamide as a model system (see Fig. 6 Compared to a fully heteronuclear spin system, the relatively small frequency difference ∆ν 13 = 358 Hz of the amino protons (spins I 1 and I 3 ) makes it difficult to apply short selective pulses to spin I 1 that do not affect spin I 3 (and vice versa) as required in sequence A (and also for its broadband implementation using additional refocussing pulses). In our experiments, we implemented spin-selective proton pulses by a combination of hard pulses and delays. For example, if spin I 1 is irradiated on resonance, a selective 180 operation, repectively. The initial spin states were prepared to be ρ(0) = I 1x (c.f. Fig.   7A ), (B) ρ(0) = 2I 1x I 2z (c.f. Fig. 7 B) , and (C) ρ(0) = I 1x + 2I 2z I 3x (c.f. Fig. 7 C) . As expected, the states of the two proton spins (spins I 1 and I 3 ) are swapped for arbitrary initial states.
In order to compare the durations and κ dependence of the indirect SWAP(1, 3) sequences,
we measured the efficiency of inphase transfer from I 1x to I 3x (c.f. Fig. 7 A) : For an initial density operator of ρ(0) = I 1x , we defined the transfer efficiency η 13 (τ ) for a given pulse sequence of duration τ as
where I 1x (0) is the initial expectation value of I 1x and I 3x (τ ) is the expectation value of I 3x after the pulse sequence. The corresponding experimental values of η were determined by dividing the integral of the spin I 3 multiplet in the final spectrum by the integral of the spin I 1 multiplet in the initial spectrum. More realistic values of the transfer efficiency η 13 (τ ) to be expected for our model system were obtained by simulating the time evolution of the density operator during the broadband pulse sequences for the actual coupling network (using the experimentally determined coupling constants and frequency offsets) and taking into account experimental pulse sequence parameters (see Fig. 8 B) . Nominal rf amplitudes of 35.7 kHz and 5.5 kHz were assumed for 1 H and 15 N pulses, respectively (corresponding to 90
• pulse durations of 7 µs and 45 µs). The effects of rf inhomogeneity were taken into account by assuming a Gaussian distribution of the rf amplitudes with a full width at half hight of 10% (20) .
Relaxation effects were not included. The simulated η 13 (τ ) curves in Fig. 8 B qualitatively match the ideal curves shown in Fig. 8 A. In particular, the position of the maxima appear at very similar pulse sequence durations τ . However, the amplitude of the η 13 (τ ) curves is decreased due to the effects of experimental imperfections.
In Fig. 8 C, experimentally determined transfer efficiencies η 13 (τ ) are shown for the three pulse sequences. A reasonable match is found between experimental and simulated curves.
The experimentally determined bandwidth covered by the broadband geodesic sequence was about 3.5 kHz for 1 H and 2.5 kHz for 15 N for the given pulse sequence parameters.
Discussion
Broadband versions of a new class of pulse sequences for the simulation of trilinear coupling terms were developed. Using the amino group of [ 15 N]-acetamide as a model system, the theoretically predicted properties (3) of the new sequence C and of the time-optimal geodesic sequence D were verified and efficient exchange of the spin state of indirectly coupled spins was demonstrated. It is expected that the new broadband pulse sequences will find applications both in quantum information processing and in coherent spectroscopy. 
